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Fig. 3 Relative error in states and costates vs number of parameters,
comparison of old and new ways.

Fig. 4 Relative error in states and costates vs CPU time, comparison
of old and new ways.

Fig. 5 Switching time accuracy vs overall accuracy.

three elements per phase as a starting point, with each data point
corresponding to doubling the number of elements per phase.

Only the zeroth- and � rst-order shape function plots are shown
for the new way, because the second-order shape function solution
had zero error all along the time history, even for only two elements
per phase. Although the CPU time necessary to implement the new
method was higher for the zeroth-ordershape functions than for the
old way (re� ecting the effect of the signi� cantly increased size of
the Jacobian), the multiple phase � rst-order solution is clearly far
superiorto thebest resultsfrom the single-phasemethodology.Thus,
the key to solvingthisproblemaccuratelyand ef� ciently is clearlyin
the switching points, as seen in Fig. 5. Even for the three-element-
per-phase solution with � rst-order shape functions, the switching
times were all within 0.2% of the optimal value, moving an order

of magnitude closer with each re� nement. On the other hand, even
with 192 elements obtained by uniform re� nement and even with
the highest-ordershape functions,calculated switching times could
get no closer than 0.2%.

VI. Conclusions
Two different methods have been illustrated to solve control-

constrained optimal control problems using higher-order � nite ele-
ment formulations. In the � rst method, the optimal control problem
is treated as if it had only one phase, with slack variablesbeing used
to enforce the control constraints.In the second method, the switch-
ing structure of the control constraints is speci� ed ahead of time,
and the problem is treated as a multiphase problem with unknown
switching times.

The latter method proved to be much more accurate with the
switchingtimesbeingcalculatedexplicitly,with a nodepointalways
beingat a switchingtime.Results for a textbookproblemshoworder
of magnitude increases in accuracy using the second method, not
only for a given number of parameters, but also for a given amount
of CPU time.
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Introduction

T HE classical implementation of the Nyquist stability criterion
is well known. It is most often used as a stability check when

eigenvalue analysis of a closed-loop system is not considered to be
reliable, or when uncertaintyexists in the plant.All that is necessary
for determining stability of the closed-loop system is to know the
numberof poleson and to the right of the imaginaryaxisof theopen-
loop system as well as the frequency-response function. Although
valuable as a stability check, it is dif� cult to use as a tool because
loop shaping goals guide the control design process. In addition,
the Nyquist stability criterion is generally de� ned on the open-loop
Nyquist plot. This is not directly useful for design techniquesbased
on the Nichols chart such as Quantitative Feedback Theory. Cohen
et al.1 have previously extended the Nyquist stability criterion to
the Nichols chart. Here a simpler formulation is presented that pro-
vides the designerwith additional insightuseful in determiningloop
shaping goals for stable controller design. The formulation assists
not only in stability analysis, but in prescribing design objectives
for achieving stabilizing continuous control designs.
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Fig. 1 Block diagram of basic feedback control system.

Theory
Because the open-loop Nyquist and Nichols plots can each be

obtained from the other, it seems intuitive that, although the Nyquist
stabilitycriterionis basedon the use of theNyquist chart, one should
be able to apply it using the Nichols chart. The following brief
explanation shows how it can be done.

Consider a system de� ned by the block diagram of Fig. 1. The
transfer function between R.s/ and Y .s/ is given by

Y .s/

R.s/
D

G.s/

1 C G.s/H .s/
D

G.s/

1 C L.s/
(1)

“The Nyquist criterion for stability of the closed-loop system is

8 D ¡.0:5P! C P¡1/180±” (2)

(Ref. 2). Here P! is the number of poles of L.s/ on the imaginary
axis and P¡1 is the number of unstable poles of L.s/. The angle 8
(degrees) is the angle traversed by the Nyquist plot (counterclock-
wise) of L.s/ with respect to the .¡1; j0/ point as j! goes from 1
to 0. Taking j! from 0 to 1 gives the negative expression.

Consider example 9-5 from Kuo’s text.2 It is a nonminimum
phase system with a pole on the imaginary axis de� ned by the
open-loop transfer function L.s/ D [K .s ¡ 1/=s.s C 1/]. For this
example, P! D 1 and P¡1 D 0. Hence, the closed-loop stability re-
quirement is

8 D ¡.0:5P! C P¡1/180 D ¡90 (3)

Observing Fig. 2 for K D 1, one can see that the phasor drawn
from the point .¡1; 0 j/ to the Nyquistplotof L.s/ traversespositive
90 deg as ! goes from 1 to 0. Thus, the closed-loop system is
unstable. In Fig. 2, one can see that the only value of K shown
that results in the system being closed-loop stable is K D ¡0.5.
The actual range of values of K for which the system is stable is
¡1 < K < 0.

Figure 3 shows the Nichols plot for the same system with the
same three gains. The angle 8 can be found from the plots using
the following guidelines. The positive direction along the open-
loop plot is de� ned to go from j! D 0 to j! D 1. These guidelines
simply correlate similar parts of the Nichols and Nyquist charts to
one another by noting that, once the magnitude of the open-loop
transfer function is less than 0 dB (and remains below 0 dB), the
angle traversed about the point .¡1; j0/ on the Nyquist chart is
zero.The � nal angle at high frequenciesgoes to 0 deg (or a multiple
of 360 deg) assuming the magnitude decreases to 0 in the limit as
j! goes to 1.

First, � nd the open-loop phase angle at j! D 0. Call this 81.
Second, � nd the phase angle .82/ at the open-loop amplitude of
0 dB for the highest value of !. From this point, go to the nearest
open-loop phase of 0 deg or a multiple of 360 deg (positive or
negative). Call this angle 83. Make sure to use a multiple-sheet
Nichols chart or keep track of how many times you pass through the
plot from right to left. The angle 8 can be found by the equation

8 D 81 ¡ 83 (4)

For example, observing Fig. 3 for K D 1, the initial open-loop
phase is 81 D 90 deg. This is found by unwrapping the Nichols
chart so that the plot does not jump from one side of the graph to

Fig. 2 Nyquist plots of L(s) = [K(s ¡ 1)]/[s(s + 1)].

Fig. 3 Nichols plot of L(s) = [K(s ¡ 1)]/[s(s + 1)].

the other. When the open-loopmagnitude is 0 dB (but never coming
back over 0 dB), the open-loop phase is 82 ¼ 0 deg. The nearest
multiple of 360 or 0 deg is 0 deg. Thus, 83 D 0 deg and the total
angle traversed is 81 ¡ 83 D 90 deg. From Eq. (3), this system is
unstable.

Observing Fig. 3 for K D ¡0:5, the initial open-loop phase is
81 D ¡90 deg. When the open-loop magnitude is 0 dB, the open-
loop phase is 82 ¼ ¡135 deg. The nearest multiple of 360 or 0 deg
is again 0 deg itself. Thus, 83 D 0 deg, and the total angle traversed
is 81 ¡ 83 D ¡90 deg. From Eq. (3), this system is stable.

Observing Fig. 3 again for K D ¡2, the initial open-loop phase
is 81 D ¡90 deg. When the open-loopmagnitude is 0 dB, the open-
loop phase is 82 ¼ ¡225 deg. The nearest multiple of 360 or 0 deg
is ¡360 deg. Thus, 83 D ¡360 deg, and the total angle traversed
is 81 ¡ 83 D ¡90 C 360 D 270 deg. From Eq. (3), this system is
unstable.



362 J. GUIDANCE, VOL. 22, NO. 2: ENGINEERING NOTES

Fig. 4 Example2, stabilizing an unstablesystem [L(s) = K(s + 1)/(s2 +9s
¡ 10)], where K = 10.

Fig. 5 Root locus of L(s) = K(s + 1)/(s2 + 9s ¡ 10).

Consider a second example with one unstablepole. The objective
here is to determinehowto modify theopen-looptransferfunctionso
that the closed-loop transfer function will be stable. The open-loop
transferfunctionis givenby L.s/ D K .s C 1/=.s2 C 9s ¡ 10/. Equa-
tion (2) states8 D ¡.0:5P! C P¡1/180 deg must be true for the sys-
tem to be stable. The open-looppoles are ¡10 and 1. Because there
are no poles on the imaginary axis and there is one unstable pole,
P! D 0 and P¡1 D 1. Thus, for a stable closed-loop system, we re-
quire that8 D ¡180 deg. The Nicholsplotof L.s/ is shown in Fig. 4
for a gain of K D 10. The initialphaseat ! D 0 is 81 D ¡180deg.Of
course, this is only true if the gain is raised slightly such that the ini-
tial magnitude is greater than 0 dB. If K D 0, the initial phase is not
de� ned by this technique. If K < 10, then 81 D ¡180 deg because
for s < 0 the 0 dB crossing is nearest 360 deg. The nearest multiple
of 360 deg when the magnitude of L.s/ is 0 dB is 0 deg. Thus, if the
gain is greater than 10, then 81 ¡ 83 D ¡180 C 0 D ¡180 deg as re-
quired for stability.The root locusof Fig. 5 shows this to be the case.

Conclusions
A simple method for applying Nyquist’s stability criterionon the

Nichols Chart has been presented. The approach is applicable to
open-loop systems with poles and/or zeros in the right-half plane.
The result is a method for evaluating not only the stability of ex-
isting controlled systems, but also for determining control design
objectives on the Nichols chart.
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Introduction

A POWERFUL algorithm for the exact slow–fast decomposi-
tion of the algebraic Riccati equation of standard singularly

perturbedsystems is developed in Ref. 1, so that the optimal control
and � ltering tasks can be solved exactly and performed indepen-
dently in slow and fast time scales.2;3 In this Note, we show that the
same algorithm, under the appropriateassumptions is applicable to
the algebraic Riccati equation of nonstandard singularly perturbed
control systems (having singular fast subsystem matrix). Nonstan-
dard singularly perturbed systems are the modern research trend
in control theory of singular perturbations.4¡9 The result obtained
for the decomposition of the algebraic Riccati equation is used in
this Note to obtain the exact pure-slow and pure-fast decomposi-
tion of optimal control and � ltering tasks of nonstandardsingularly
perturbed linear systems. Note that in the control literature only ap-
proximate results for nonstandard singularly perturbed systems are
available.

Before the resultsof Ref. 1 were available,controlengineerswere
able to decompose exactly only linear singularlyperturbed systems
by using the celebratedChang transformation.10 In Ref. 11 the non-
linear algebraicRiccati equationwas decomposedinto slowand fast
algebraic Riccati equations with the accuracy of O.²/, where ² is
a small positive singularperturbationparameter. Several real-world
examples done in Refs. 2 and 12–14 indicate that very often an O.²/
order of accuracy is not satisfactory. The results of Ref. 1 are, as a
matter of fact, the extended and improved results of Ref. 11. It can
be said that the results of Ref. 1 achieve the same goal as the results
of Ref. 11, but with perfect accuracy.

The goal of this Note is to show that the results developed in
Ref. 1 and the related work of Ref. 3 can be extended to nonstan-
dard singularly perturbed systems. It should be pointed out that
mechanical control systems in the modal coordinates15 displaying
slow and fast time scales are nonstandard singularly perturbed lin-
ear control systems—e.g., the linearized model of a � exible space
structure.16

Conditions under which the � rst approximation of nonstandard
singularly perturbed control systems can be studied are established
in Ref. 8. It is important to point out that the resultsof Ref. 8 produce
the O.²/ accuracy only. In contrast, the results of this Note produce
the exact solutionand preservethe slow–fastdecompositionfeatures
of Ref. 8.

Optimal Control of Nonstandard Singularly
Perturbed Linear Systems

A nonstandard singularly perturbed control linear system is rep-
resented by

Px1.t/ D A1x1.t/ C A2x2.t/ C B1u.t/
(1)

² Px2.t/ D A3x1.t/ C A4x2.t/ C B2u.t/
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